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Abstract
Let CuðX ;EÞ be the uniform Roe algebra of a coarse space ðX ;EÞ with uniformly locally
ﬁnite coarse structure. By a controlled truncation technique, we show that the controlled
propagation operators in an ideal I of CuðX ;EÞ are exactly the controlled truncations of
elements in I : It follows that the lattice of the ideals of the uniform Roe algebra CuðX ;EÞ in
which controlled propagation operators are dense, the lattice of the invariant open subsets in
the unit space of the groupoid GðX Þ introduced by Skandalis, Tu and Yu, the lattice of the
ideals of the coarse structure E; and the lattice of the ideals of the coarse space X are mutually
isomorphic. These lattices also give rise to a type of classiﬁcation for the ideals of CuðX ;EÞ:
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1. Introduction
The uniform Roe algebras and the coarse Roe algebras are typically C-algebras
of proper metric spaces with coarse geometry, which have great importance in
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geometry, topology and analysis, see [1–8,10,13–19]. For a discrete, bounded
geometry metric space ðX ; dÞ; the uniform Roe algebra CuðXÞ are generated by
operators A ¼ ½ax;x0 ; in the form of X  X matrix, on c2ðXÞ which have
finite propagation meaning that supfdðx; x0Þ : ax;x0a0goN; while the coarse Roe
algebra is generated by ﬁnite propagation operators A ¼ ½Ax;x0  on c2ðXÞ#H
whose entries Ax;x0 are compact operators on a ﬁxed separable Hilbert
space H: A natural and interesting problem is to study the ideal structure
of these algebras. In [1] the authors have investigated some properties of ideals
of the coarse Roe algebras CðX Þ; mainly concerning the ideals supported
around a subspace of X : It turns out that, besides the coarse geometry of the
space X ; the attached Hilbert space H in deﬁning the coarse Roe algebras has
involving effect on the ideal structure. In contrast, one expects that the ideal
structure of the uniform Roe algebras CuðXÞ should have direct relation with the
coarse geometry of X :
Recently, counterexamples to the coarse Baum–Connes conjecture have been
constructed by using expander graphs [5], the crucial point of which lies in the fact
that the uniform Roe algebra CuðXÞ of the metric space X derived from a sequence
of expander graphs contains a noncompact projection P; sometimes called the ghost
projection, which is locally invisible at inﬁnity in the sense that the matrix entries px;x0
of P tend to zero as x; x0-N: In terms of ideal structure, accordingly, the ﬁnite
propagation operators in /PS; the principal ideal in CuðX Þ generated by P; are not
dense in /PS: On the other hand, the coarse Roe algebras have been studied in a
more general coarse category setting [6] and coarse geometry has been related
with groupoids [14]. Motivated by these developments, we shall investigate in this
paper the ideal structure of the uniform Roe algebras CuðX ;EÞ of coarse spaces
ðX ;EÞ with uniformly locally ﬁnite coarse structures, mainly focusing on the
geometrical construction of the ideals in which the controlled propagation operators
are dense.
In Section 2 we brieﬂy recall the notions of coarse spaces ðX ;EÞ with uniformly
locally ﬁnite coarse structures, the uniform Roe algebras CuðX ;EÞ and the subspaces
of a coarse space. Most of the results in this paper are proved by using a controlled
truncation technique developed in Section 3 where, in particular, we show that the
controlled propagation operators in an ideal I of CuðX ;EÞ are exactly those
controlled truncations of operators in I (Corollary 3.6(1)). The rest part of this paper
is devoted to geometrical constructions for the ideals of the uniform Roe algebras.
We show that the lattice I0½CuðX ;EÞ of the ideals of the uniform Roe algebra
CuðX ;EÞ in which controlled propagation operators are dense, the lattice O½GðXÞ of
the invariant open subsets in the unit space of the groupoid GðX Þ introduced in [14],
the lattice J½E of the ideals of the coarse structure E (see Deﬁnition 4.1), and the
lattice L½X  of the ideals of the coarse space X (see Deﬁnition 6.1) are mutually
isomorphic. Moreover, these lattices give rise to a type of classiﬁcation for the ideals
of CuðX ;EÞ: Suggested by these facts we conjecture that any ideal of the uniform
Roe algebra is a sum of a ghost ideal and an ideal in which controlled propagation
operators are dense.
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2. Preliminaries
Let X be a set. The product X  X is endowed with the structure of a groupoid
with unit space X ; range and source maps rðx; yÞ ¼ x; sðx; yÞ ¼ y: For subsets
ADX  X and BDX  X ; denote
A1 ¼ fðy; xÞjðx; yÞAAg;
A3B ¼ fðx; zÞj(yAX ; ðx; yÞAA and ðy; zÞABg;
that is, A1 is the groupoid inverse of the set A and A3B is the groupoid product of A
and B: Recall [6,14] the
Deﬁnition 2.1. A coarse structure on X is a collection of subsets of X  X ; called
entourages, that have the following properties:
(a) for any entourages A and B; A1; A3B and A,B are entourages;
(b) every ﬁnite subset of X  X is an entourage;
(c) any subset of an entourage is an entourage.
If D ¼ fðx; xÞjxAXg is an entourage, then the coarse structure is said to be unital.
A set X with a coarse structure E on it, denoted ðX ;EÞ; is called a coarse space. For
any subset YDX and any entourage EAE; we deﬁne the (one-sided) E-neighborhood
NEðYÞ of Y by
NEðYÞ ¼ Y,fxAX : (yAY ; ðx; yÞAEg:
If xAX ; we write NEðxÞ for NEðfxgÞ: Note that NEðxÞ ¼ fxg,rðE-s1ðxÞÞ: Denote
nðEÞ ¼ sup
xAX
maxðxNEðxÞ; xNE1ðxÞÞ:
Deﬁnition 2.2. A coarse structure E on a set X is said to be uniformly locally finite if
nðEÞoN for any entourage EAE:
Deﬁnition 2.3. Let E be a coarse structure on X : By a partial translation we mean an
entourage EAE such that the maps r and s are both injective on E:
Let GE be the set of all partial translations in E: The following result (cf. [14]) will
be used frequently in the sequel.
Lemma 2.4. Let E be a uniformly locally finite coarse structure on X :
(1) For any entourage E; the space X can be partitioned into the union of finitely
many E-separated subspaces, or precisely,
X ¼ X1,X2,?,Xm;
ARTICLE IN PRESS
X. Chen, Q. Wang / Journal of Functional Analysis 216 (2004) 191–211 193
where Xi-Xj ¼ | for iaj; and for any i and any points x; yAXi with xay; we have
ðx; yÞeE,E1: The length m depends on E:
(2) Any entourage E can be partitioned into the union of finitely many partial
translations, i.e.,
E ¼ E1,E2,?,El ;
where EiAGE; Ei-Ej ¼ | for iaj: The length l depends on E:
Let X be a coarse space with a uniformly locally ﬁnite coarse structure E: Denote
by Bðc2ðXÞÞ the C-algebra of all bounded linear operators on the Hilbert space
c2ðX Þ; and denote byKðc2ðX ÞÞ; or simplyK; the compact operators on c2ðXÞ: Any
operator T in Bðc2ðX ÞÞ has a natural form of X  X matrix
T ¼ ½tðx; yÞðx;yÞAXX :
The support of T is deﬁned as
suppðTÞ ¼ fðx; yÞAX  X : tðx; yÞa0g:
If suppðTÞ is an entourage, we may say that T is a controlled propagation operator.
Let CtrlðX ;EÞ denote the set of all controlled propagation operators on c2ðXÞ: It is a
-subalgebra of Bðc2ðXÞÞ:
Deﬁnition 2.5. The C-algebra of the norm completion of CtrlðX ;EÞ is called the
uniform Roe algebra of the coarse space ðX ;EÞ; denoted by CuðX ;EÞ or simply CuðX Þ:
Let YDX : For any entourage EAE; the restriction of E on Y  Y is deﬁned by
EjY ¼ E-ðY  YÞ:
Set
EjY ¼ fEjY : EAEg:
Then it is easy to see that EjY is a uniformly locally ﬁnite coarse structure on Y ; and
EjYDE:
Deﬁnition 2.6. A subset Y of X endowed with the relative coarse structure EjY is
called a subspace of the coarse space ðX ;EÞ:
Remark 2.7. The uniform Roe algebra CuðY ;EjY Þ acts on the Hilbert space c2ðYÞ; a
subspace of c2ðX Þ: Thus, the correspondence T/T"0 for TACuðY ;EjY Þ gives an
inclusion
CuðY ;EjY Þ+CuðX ;EÞ:
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In this view, CuðY ;EjY Þ is a subalgebra of CuðX ;EÞ and c2ðYÞ is a reducing
subspace of CuðY ;EjY Þ: Let wY be the characteristic function of Y ; which also
represents the orthogonal projection of c2ðXÞ onto c2ðYÞ: Then
CuðY ;EjY Þ ¼ wY CuðX ÞwY :
If DY ¼ fðy; yÞjyAYgAE; then CuðY ;EjY Þ is unital, with the unit wY :
Throughout the paper, by an ideal of the uniform Roe algebra CuðXÞ we mean a
closed, two-sided ideal of CuðX Þ:
3. Controlled truncations
Let ðX ;EÞ be a coarse space with a uniformly locally ﬁnite coarse structure.
Denote by cNðX  XÞ the algebra of all bounded (continuous) functions on X  X ;
and by C0ðX  X Þ the algebra of all functions on X  X vanishing at inﬁnity. Any
bounded linear operator T on c2ðXÞ can be viewed as an element of cNðX  XÞ via
its matrix form
T ¼ ½Tðx; yÞx;yAX :
We write jjT jj for the operator norm of TABðc2ðXÞÞ and write jjT jjN for the sup-
norm of T when T is viewed as a bounded function on X  X : It is obvious that
jjT jjNpjjT jj for any TABðc2ðXÞÞ: However, it is also easy to see that
jjT jjN ¼ jjT jj
whenever suppðTÞ is a partial translation.
Suppose jAcNðX  XÞ: If supp jAE; we may also say that j is a controlled
propagation function. Since E is uniformly locally ﬁnite, it follows from Lemma 2.4(2)
that any controlled propagation function represents a bounded operator on c2ðX Þ:
In this way, the collection of all controlled propagation operators on c2ðX Þ coincides
with the collection of all controlled propagation functions on X  X : We shall abuse
the notation to denote the both by CtrlðX ;EÞ or simply CtrlðXÞ:
For any jACtrlðX Þ; we deﬁne the Schur multiplier Mj : CuðX Þ-CuðXÞ by
MjðTÞ :¼ j3T :¼ ½jðx; yÞTðx; yÞðx;yÞAXX :
It follows from the Closed Graph Theorem that Mj is bounded for any jACtrlðX Þ:
Deﬁnition 3.1. For an operator TACuðX ;EÞ; an entourage EAE and a number E40;
the E-support of T is deﬁned to be
suppEðTÞ ¼ fðx; yÞAX  X : jTðx; yÞjXEg;
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and the ðE; EÞ-support of T is deﬁned to be
suppðE;EÞðTÞ ¼ E-suppEðTÞ:
Lemma 3.2. suppEðTÞAE for any TACuðX ;EÞ and E40:
Proof. For TACuðX ;EÞ and E40 there exists RACtrlðX ;EÞ such that
jjT  RjjNpjjT  RjjoE=2:
It follows that
suppEðTÞDsuppðRÞAE:
Hence, suppEðTÞAE: &
Deﬁnition 3.3. Suppose TACuðX ;EÞ; EAE; E40:
(a) The E-truncation of T is deﬁned to be the operator TE ¼ ½TEðx; yÞ where
TEðx; yÞ ¼
Tðx; yÞ if ðx; yÞAE;
0 otherwise:

(b) The E-truncation of T is deﬁned to be the operator TE ¼ TsuppEðTÞ: That is,
TEðx; yÞ ¼
Tðx; yÞ if jTðx; yÞjXE;
0 if jTðx; yÞjoE:

(c) The ðE; EÞ-truncation of T is
TðE;EÞ ¼ TsuppðE;EÞðTÞ ¼ ðTEÞE ¼ ðTEÞE :
Note that TE ; TE; TðE;EÞACtrlðX ;EÞ for all TACuðX ;EÞ; EAE and E40: For a
subset EDX  X ; denote by wE the characteristic function of E: Note that
wEACtrlðX ;EÞ for all EAE: For a subset YDX ; the characteristic function wY is also
represented as the projection of c2ðXÞ onto c2ðYÞ: Thus, in our notation,
wY ¼ wDY
as operators on c2ðXÞ; where DY ¼ fðy; yÞ : yAYg: For an operator TACuðX Þ;
denote by /TS the closed, two-sided ideal of CuðXÞ generated by T : For any ideal
I of CuðXÞ; denote
CtrlðIÞ ¼ I-CtrlðX ;EÞ;
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the controlled propagation operators in I : Recall that, for EAE;
rðEÞ ¼ fxAX : (y; ðx; yÞAEg:
Lemma 3.4. Let EAE be a partial translation. For any TACuðXÞ and any E40; we
have
wrðsuppðE;EÞðTÞÞACtrlð/TSÞ:
Consequently, the operators TE ; TE; TðE;EÞ; wsuppðE;EÞðTÞACtrlð/TSÞ:
Proof. For simplicity of notations, denote F ¼ suppðE;EÞðTÞ and Z ¼ rðFÞ: Then
supp wZ ¼ DZ ¼ F3F1AE:
Hence, wZACtrlðX ;EÞ: We proceeds to show that in fact wZA/TS:
Since FDE; F is also a partial translation. For any xAZ there is a unique point
FðxÞAX such that ðx; FðxÞÞAF : Hence, jTðx; FðxÞÞjXE:
Let W ¼ 1E2TT: Then WA/TS: For any xAZ; we have
Wðx; xÞ ¼ 1E2
X
yAX
jTðx; yÞj2X1
E2
jTðx; FðxÞÞj2X1:
On the other hand, there exists a controlled propagation operator R ¼ ½Rðx; yÞ
such that
jjR  W jjNpjjR  W jjp13:
Hence, jRðx; xÞj42
3
for all xAZ: It follows from Lemma 2.4(1) that X admits a
partition of ﬁnitely many suppðRÞ-separated subspaces, say,
X ¼ X10X20?0Xm:
Thus,
Z ¼ Z-X ¼ ðZ-X1Þ0ðZ-X2Þ0?0ðZ-XmÞ
and
wZ ¼ wZ-X1 þ wZ-X2 þ?þ wZ-Xm :
Since supp wZ-Xi ¼ DZ-XiAE; we know that wZ-XiACtrlðX ;EÞ for all i ¼ 1;y; m:
Therefore, in order to show wZA/TS it sufﬁces to show wZ-XiA/TS for all i:
Fix an i: Denote eR ¼ wZ-Xi RwZ-Xi and eW ¼ wZ-Xi WwZ-Xi : Then eWA/TS; and
c2ðZ-XiÞ is a reducing subspace for both eR and eW : Since Z-Xi is suppðRÞ-
separated, eR is a diagonal operator on c2ðXÞ with
eRðx; yÞ ¼ Rðx; yÞ if x ¼ yAZ-Xi;
0 otherwise:

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Consider the coarse subspace ðZ-Xi;EjZ-XiÞ of the coarse space ðX ;EÞ: Since
DZ-XiAE; the uniform Roe algebra C

uðZ-Xi;EjZ-XiÞ is unital with the unit wZ-Xi :
The operators eR and eW can be viewed as elements of CuðZ-Xi;EjZ-XiÞ (see
Remark 2.7) and eR is invertible in CuðZ-Xi;EjZ-XiÞ: Since j eRðx; xÞj ¼ jRðx; xÞjX23
for all xAZ-Xi we have
jj eR  eW jjpjjR  W jjp1
3
o2
3
pjj eR1jj1:
Hence, eW is also invertible in CuðZ-Xi;EjZ-XiÞ: Denote eA ¼ eW1 in CuðZ-
Xi;EjZ-XiÞ:
Now, viewing both eA and eW as elements of CuðX ;EÞ; we have
wZ-Xi ¼ eA eWA/TS
as desired. Hence, wZ ¼
Pm
i¼1wZ-XiA/TS: Note that
TðE;EÞ ¼ wZTðE;EÞ
wsuppðE;EÞðTÞ ¼ wZwsuppðE;EÞðTÞ;
we know that TðE;EÞ; wsuppðE;EÞðTÞACtrlð/TSÞ: Moreover, since E is a partial
translation, we have
jjTE  TðE;EÞjj ¼ jjTE  TðE;EÞjjNpE:
It follows that TE ¼ limE-0TðE;EÞA/TS: Hence, we conclude that TEACtrlð/TSÞ as
desired. The proof is complete. &
Theorem 3.5. For any TACuðX ;EÞ; EAE and E40; we have
(1) TðE;EÞACtrlð/TSÞ; wsuppðE;EÞðTÞACtrlð/TSÞ; wrðsuppðE;EÞðTÞÞACtrlð/TSÞ:
(2) TEACtrlð/TSÞ; wsuppEðTÞACtrlð/TSÞ; wrðsuppEðTÞÞACtrlð/TSÞ:
(3) TEACtrlð/TSÞ:
(4) for any controlled propagation function jAcNðX  XÞ; the Schur product
j3TACtrlð/TSÞ:
Proof. Since E is uniformly locally ﬁnite, any entourage E admits a partition of
ﬁnitely many partial translations
E ¼ E10E20?0Em:
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Hence,
TE ¼ TE1 þ TE2 þ?þ TEm ;
TðE;EÞ ¼ TðE1;EÞ þ TðE2;EÞ þ?þ TðEm;EÞ;
wsuppðE;EÞðTÞ ¼ wsuppðE1 ;EÞðTÞ þ?þ wsuppðEm ;EÞðTÞ:
It follows from Lemma 3.4 that
TðE;EÞACtrlð/TSÞ;
wsuppðE;EÞðTÞACtrlð/TSÞ
and
TE ¼ lim
E-0
TðE;EÞACtrlð/TSÞ:
Denote V ¼ ðwsuppðE;EÞðTÞÞðwsuppðE;EÞðTÞÞ
 and eD ¼ DrðsuppðE;EÞðTÞÞ: Then VA/TS; and
eDDðsuppðE;EÞðTÞÞ3ðsuppðE;EÞðTÞÞ1
is clearly a partial translation. Hence, it follows from Lemma 3.4 that
wrðsuppðE;EÞðTÞÞ ¼ wsupp
ðeD;1Þ ðVÞACtrl/VSDCtrl/TS:
This completes the proof of (1) and (3).
Since suppEðTÞ is an entourage (Lemma 3.2), (2) is just a special case of (1). So it
remains to show (4).
Let jAcNðX  X Þ be a controlled supported function the support of which is
partitioned into ﬁnitely many partial translations as follows:
supp j ¼ F10?0Fm:
Then
j3T ¼ jF13TF1 þ?þ jFm3TFm :
It sufﬁces to show jFj 3TFjACtrl/TS for all j ¼ 1;y; m:
Fix a j: Since Fj is a partial translation, for any xArðFjÞ; there is a unique point
FjðxÞ such that ðx; FjðxÞÞAFj: Deﬁne a diagonal operator Dj ¼ ½Djðx; yÞ with
Djðx; xÞ ¼ jFj ðx; FjðxÞÞ
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for all xArðFjÞ and Djðx; yÞ ¼ 0 otherwise. Then DjACtrlðX ;EÞ and, since
TFjA/TS;
jFj 3TFj ¼ DjTFjACtrl/TS:
Hence, j3TACtrl/TS; completing the proof. &
The following results are immediate consequences of the above theorem.
Corollary 3.6. (1) For any ideal I of CuðX ;EÞ; we have
CtrlðIÞ ¼ fTE : TAI ; EAEg:
(2) If I is an ideal of CuðX ;EÞ such that CtrlðIÞ is dense in I ; then the collection
fTðE;EÞ : TAI ; EAE; E40g;
or equivalently, the collection
fTE : TAI ; E40g
is also dense in I :
(3) For any controlled propagation function jAcNðX  XÞ and any ideal I of
CuðX ;EÞ; I is an invariant subspace of the Schur multiplier
Mj : C

uðX ;EÞ-CuðX ;EÞ:
(4) For any controlled propagation operator TACuðX ;EÞ; we have
T ¼ lim
E-0
TE:
4. Ideals of a coarse structure
There is a natural notion of ideal of a coarse structure from which one can
construct ideals of the uniform Roe algebras.
Deﬁnition 4.1. Let E be a coarse structure on a set X and let JDE be a coarse
structure on X contained in E: If for any EAE and any AAJ we have E3AAJ and
A3EAJ; we say J is an ideal of the coarse structure E:
If J1 and J2 are ideals of E; then it is easy to check that the collections
J14J2 ¼ J1-J2;
J13J2 ¼ fA,B : AAJ1; BAJ2g
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are also ideals of E; called the meet and join ofJ1 andJ2; respectively. So the set of
all ideals of the coarse structure E forms a lattice, denoted by J½E:
In the following, let E be a uniformly locally ﬁnite coarse structure on X : Let I be
an ideal of CuðX ;EÞ: Deﬁne
JðIÞ ¼ fsuppEðTÞ : TAI ; E40g:
By Lemma 3.2 and Corollary 3.6(1), we have
JðIÞ ¼ fsuppEðTÞ : TACtrlðIÞ; E40g
¼fsuppðE;EÞðTÞ : TAI ; EAE; E40g:
It is easy to verify that JðIÞ is an ideal of E:
Let I ½CuðXÞ denote the lattice of all ideals in the uniform Roe algebra CuðX ;EÞ;
and let I0½CuðXÞ denote the set of those ideals in which controlled propagation
operators are dense. It is easy to see that I0½CuðX Þ is a sublattice of I ½CuðXÞ: The
correspondence
I/JðIÞ
is an order preserving map from the lattice I ½CuðX Þ into the lattice J½E;
denoted by
l1 : I ½CuðXÞ-J½E:
Conversely, any ideal J of the coarse structure E will give rise to an ideal in
CuðX ;EÞ: Denote
CJ ¼ fTACtrlðX ;EÞ : suppðTÞAJg
and let IðJÞ be the closure of CJ in CuðXÞ:
IðJÞ ¼ CJ:
It is easy to verify that IðJÞ is an ideal of CuðX ;EÞ: The correspondence
J/IðJÞ
is an order preserving map from the lattice J½E to the lattice I0½CuðXÞ; denoted by
l2 : J½E-I0½CuðXÞ:
Proposition 4.2. l1l2 ¼ idJ½E and l2l1 ¼ idI0½CuðXÞ: Or equivalently, for any ideal J
of E;
J ¼ JðIðJÞÞ
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and for any ideal I of CuðX Þ such that CtrlðIÞ is dense in I ; we have
I ¼ IðJðIÞÞ:
Proof. (1) JDJðIðJÞÞ: For any EAJ; we have wEAIðJÞ; so that E ¼
supp1ðwEÞAJðIðJÞÞ: Hence, JDJðIðJÞÞ:
(2) JðIðJÞÞDJ: For any EAJðIðJÞÞ; there exist WAIðJÞ and E40 such that
E ¼ suppEðWÞ:
It follows from Theorem 3.5 that
wEACtrlð/WSÞDIðJÞ:
By the deﬁnition of IðJÞ; there exists TACtrlðX Þ with suppðTÞAJ such that
jjT  wE jjNpjjT  wE jjp13:
Hence,
EDsupp1
2
ðTÞDsuppðTÞAJ;
which implies that EAJ: That is, JðIðJÞÞDJ:
(3) IDIðJðIÞÞ: For any TAI and E40; we have
suppðTEÞ ¼ suppEðTÞAJðIÞ:
By the deﬁnition of IðJðIÞÞ; we know that TEAIðJðIÞÞ: Since the operators of the
form TE; where TAI and E40; are dense in I (Corollary 3.6), we conclude that
IDIðJðIÞÞ:
(4) IðJðIÞÞDI : For any TACJðIÞ; there exist SAI and E40 such that
suppðTÞ ¼ suppEðSÞ:
It follows from Theorem 3.5 that
wrðsuppðTÞÞ ¼ wrðsuppEðSÞÞACtrl/SSDI :
Hence,
T ¼ wrðsuppðTÞÞTAI :
Thus, CJðIÞDI ; which implies that IðJðIÞÞDI : &
ARTICLE IN PRESS
X. Chen, Q. Wang / Journal of Functional Analysis 216 (2004) 191–211202
5. Invariant open subsets in the groupoid GðXÞ
Skandalis, Tu and Yu have succeeded in relating coarse geometry to the theory of
groupoids [14]. Let ðX ;EÞ be a coarse space with a uniformly locally ﬁnite coarse
structure. Deﬁne
GðX Þ ¼
[
EAE
%EDbðX  XÞ;
where bðX  XÞ is the Stone-Cˇech compactiﬁcation of X  X and %E is the
closure of E in bðX  X Þ: It is clear that GðXÞ is the spectrum of the commutative
C-subalgebra of cNðX  XÞ generated by the characteristic functions wE
of entourages E: Recall that X  X is endowed with a structure of groupoid
with range and source maps rðx; yÞ ¼ x and sðx; yÞ ¼ y: The maps r and s
extend to maps from bðX  X Þ to bX ; hence to maps from GðX Þ to bX ; also
denoted by r and s:
It is shown in [14, Lemma 2.7 and Proposition A.3] that the map ðr; sÞ :
GðXÞ-bX  bX is one-to-one, so that GðXÞ can be endowed with a structure of
groupoid extending the one on X  X : The groupoid GðXÞ is e´tale, locally compact,
Hausdorff and principal. Its unit space is
GðXÞ0 ¼
[
A
%ADbX ;
the union being taken over subsets A of X such that DA ¼ fðx; xÞ : xAAgAE:
If E is unital GðXÞ0 ¼ bX : Hence, in general, the groupoid GðX Þ is not second
countable.
It is also shown in [14] that the reduced C-algebra of GðXÞ identiﬁes with the
uniform Roe algebra of ðX ;EÞ; i.e.,
CredðGðX ÞÞDCuðX ;EÞ:
Let CcðGðX ÞÞ be the algebra of continuous functions on GðXÞ with compact
support. Then CcðGðXÞÞ identiﬁes with the controlled propagation operators on
c2ðX Þ under the isomorphism which identiﬁes CredðGðX ÞÞ with CuðXÞ; i.e.
CcðGðXÞÞDCtrlðX ;EÞ;
where the continuous extension of an element in CtrlðX ;EÞ; as a function, on bðX 
XÞ gives rise to an element of CcðGðXÞÞ:
Let U be an open subset of the unit space GðX Þ0 which is invariant, meaning that
every element of GðXÞ whose range belongs to U also has its source in U : Let GðXÞU
be the open subgroupoid comprising of all elements with range and source belonging
to U : Deﬁne as in [9,12]
IcðUÞ ¼ f fACcðGðXÞÞ : f ðxÞ ¼ 0; xeGðXÞUg:
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Then IcðUÞ is a two-sided ideal in CcðGðXÞÞ and its closure in CredðGðXÞÞ
IðUÞ ¼ IcðUÞC

red
ðGðX ÞÞ
is an ideal in CredðGðXÞÞ: Modulo the isomorphism mentioned above, we regard
IðUÞ as an ideal in CuðX Þ: Since generally GðXÞ is not second countable, we cannot
expect that every ideal of CuðX Þ be of the form IðUÞ for some invariant open
subset UDGðX Þ0: One naturally asks: under what conditions can an ideal be
of the form IðUÞ? In the following, we shall show that these are precisely the
ideals in which controlled propagation operators are dense. Firstly, we observe the
following fact:
Lemma 5.1. For any invariant open subset U ; CtrlðIðUÞÞ is dense in IðUÞ:
Proof. Since IcðUÞDCtrlðX ;EÞ-IðUÞ ¼ CtrlðIðUÞÞDIðUÞ; we have IðUÞ ¼
IcðUÞ ¼ CtrlðIðUÞÞ: &
Denote by O½GðXÞ the lattice of all invariant open subsets of GðX Þ0: Recall that
I0½CuðXÞ is the lattice consisting of ideals I in CuðX Þ where CtrlðIÞ is dense in I : It
follows from Lemma 5.1 that the correspondence
U/IðUÞ
is an order preserving map from O½GðXÞ into I0½CuðXÞ; denoted by l3:
l3 : O½GðXÞ-I0½CuðXÞ:
Now we turn to relate ideals of the coarse structure E to invariant open subsets of
GðXÞ0: Firstly, we note that the extended range map r : GðXÞ-GðXÞ0 is an open
map (cf. [14, Lemma A.4]). For an entourage EAE with a partition into partial
translations
E ¼ E1,?,Em;
we have
rð %EÞ ¼ rðE1,?,EmÞ
¼ rðE1,?,EmÞ
¼ rðE1Þ,?,rðEmÞ
¼ rðE1Þ,?,rðEmÞ
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¼ rðE1Þ,?,rðEmÞ
¼ rðEÞ;
where the closures are taken in bðX  X Þ or bX accordingly. Therefore, if J is an
ideal of E; and GJ is the set of partial translations in J; then
UðJÞ :¼
[
EAJ
rðEÞ ¼
[
EAGJ
rðEÞ
¼
[
EAJ
rð %EÞ ¼
[
EAGJ
rð %EÞ
¼ r
[
EAJ
%E
 !
¼ r
[
EAGJ
%E
0@ 1A:
Lemma 5.2. UðJÞ is an invariant open subset of GðXÞ0:
Proof. It is obvious that UðJÞ is open in GðX Þ0: For any oAGðXÞ with
rðoÞAUðJÞ; there exist a partial translation EAE such that oA %E; so that
rðoÞArðEÞ; and a partial translation FAJ such that rðoÞArðFÞ: That is,
rðoÞA rðEÞ-rðFÞ
¼ rðEÞ-rðFÞ;
where the ‘‘¼’’ follows from the property of Stone-Cˇech compactiﬁcations.
Therefore, there exist partial translations E0DE and F0DF such that oAE0 (so
rðoÞArðE0ÞÞ and sðE10 Þ ¼ rðE0Þ ¼ rðF0ÞDrðEÞ-rðFÞ: Note that F0AJ so that
E10 3F0AJ: Consequently,
sðoÞAsðE0Þ ¼ rðE10 Þ ¼ rðE10 3F0ÞDUðJÞ;
i.e., UðJÞ is an invariant subset of GðXÞ0: &
The correspondence
J/UðJÞ
is an order preserving map from the lattice J½E into the lattice O½GðXÞ; labelled
by l5:
l5 :J½E-O½GðXÞ:
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Conversely, let UDGðXÞ0 be an invariant open subset, and deﬁne
JðUÞ ¼ fEDX  X : %EbðXX ÞDGðXÞUg:
Lemma 5.3. JðUÞ is an ideal of E:
Proof. Since GðXÞU is an open subgroupoid in GðX Þ; we know, by Skandalis
et al. [14, Proposition A.3], that JðUÞ is a uniformly locally ﬁnite coarse
structure on X : It is also clear that JðUÞDE: We shall show that JðUÞ is in fact
an ideal of E; i.e., for any EAJðUÞ; FAE; we have E3FDGU ; and symmetrically,
F3EDGU :
Note that if E ¼ Smi¼1 Ei and F ¼ Snj¼1 Fj are partitions into partial translations
then
E3F ¼
[m;n
i;j
Ei3Fj ¼
[m;n
i;j
Ei3Fj:
Hence, without loss of generality, we may assume that EAJðUÞ and FAE
are both partial translations such that E3Fa|: Thus, there exist E1DE; F1DF
such that
E3F ¼ E13F1 and sðE1Þ ¼ rðF1Þ:
Note that E1AJðUÞ and rðE1Þ ¼ rðE13F1Þ:
If oAE3F ¼ E13F1; then
rðoÞArðE13F1Þ ¼ rðE13F1Þ ¼ rðE1Þ ¼ rðE1ÞDU :
Since U is invariant, we get that sðoÞAU and oAGU : That is, E3FDGU : &
The correspondence
U/JðUÞ
is an order preserving map from the lattice O½GðXÞ into the lattice J½E; labelled
by l6:
l6 : O½GðX Þ-J½E:
Proposition 5.4. l5l6 ¼ id and l6l5 ¼ id: In other words, for any invariant open subset
U in GðX Þ0; we have
U ¼ UðJðUÞÞ;
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and for any ideal J of E; we have
J ¼ JðUðJÞÞ:
Proof. (1) UDUðJðUÞÞ: For any uAU ; there exists oAGðX ÞU such that
u ¼ rðoÞ: Since GðX ÞU is open in bðX  X Þ; there is a subset EDX  X
such that
oA %EDGðX ÞU :
It follows that EAJðUÞ and hence
u ¼ rðoÞArð %EÞDUðJðUÞÞ:
That is, UDUðJðUÞÞ:
(2) UðJðUÞÞDU : For uAUðJðUÞÞ; there exists EAJðUÞ such that uArð %EÞ: By
the deﬁnition of JðUÞ we have %EDGU : Hence
uArð %EÞDrðGUÞ ¼ U :
That is, UðJðUÞÞDU :
(3) JDJðUðJÞÞ: For any EAJ; we have rð %EÞDUðJÞ: Since UðJÞ is invariant,
we have %EDGUðJÞ: By the deﬁnition of JðUðJÞÞ; we get EAJðUðJÞÞ: That is,
JDJðUðJÞÞ:
(4)JðUðJÞÞDJ: For AAJðUðJÞÞ; we have %ADGUðJÞ: Hence, there exists EAJ
such that %AD %E: Since the closures are taken in the Stone-Cˇech compactiﬁcations, we
have ADE: Since J is a coarse structure, we conclude that AAJ: That is,
JðUðJÞÞDJ: The proof is complete now. &
Proposition 5.5. l3 ¼ l2l6: In other words, for any invariant open subset U of GðXÞ0;
we have
IðUÞ ¼ IðJðUÞÞ:
Proof. For any controlled propagation operator TACtrlðX ;EÞ; let us denote
by %T the continuous extension on bðX  XÞ of T viewed as a function on X  X :
Then we have
suppð %TÞ ¼ suppðTÞ:
Note that IðUÞ is the closure of IcðUÞ in CuðX ;EÞ and
IcðUÞ ¼ fTACtrlðX ;EÞ : %TðoÞ ¼ 0;oeGðXÞUg:
Note also that IðJðUÞÞ is the closure of CJðUÞ in CuðX ;EÞ where
CJðUÞ ¼ fTACtrlðX ;EÞ: suppðTÞAJðUÞg
¼ fTACtrlðX ;EÞ: suppðTÞDGðXÞUg
¼ fTACtrlðX ;EÞ: suppð %TÞDGðX ÞUg:
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It is quite clear that CJðUÞDIcðUÞ so that IðJðUÞÞDIðUÞ: On the other hand, for
any TAIcðUÞ; we have T ¼ limE-0TE since T has controlled propagation. Now, it is
also obvious that suppðTEÞDGðX ÞU so that TEACJðUÞ for any E40: Therefore,
IcðUÞDCJðUÞ ¼ IðJðUÞÞ;
which implies that IðUÞDIðJðUÞÞ: This completes the proof. &
Deﬁne now
l4 ¼ l5l1 : I0½CuðXÞ-OðGðX ÞÞ:
Then we have l3l4 ¼ id and l4l3 ¼ id:
6. Ideals in a coarse space and main results
The following notion originates from [6]:
Deﬁnition 6.1. Let ðX ;EÞ be a coarse space. An ideal in X is a collection L of subsets
of X with the properties that
(a) if YAL and ZDY ; then ZAL;
(b) if YAL and EAE; then NEðLÞAL;
(c) if Y ; ZAL; then Y,ZAL:
If L1 and L2 are ideals in X ; the sets
L14L2 :¼ fZDY1-Y2 : Y1AL1; Y2AL2g;
L13L2 :¼ fY1,Y2 : Y1AL1; Y2AL2g
are ideals in X ; called the meet and join of L1 and L2: The collection of all ideals in X
forms a lattice, denoted by L½X :
For an ideal L in X ; deﬁne
JðLÞ ¼ fEAE : EDY  Y ; YALg;
UðLÞ ¼
[
YAL
%YbX :
Then the correspondence L/JðLÞ gives an order preserving map
l7 : L½X -J½E;
and the correspondence L/UðLÞ gives an order preserving map
l10 : L½X -O½GðX Þ:
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For an ideal J of the coarse structure E; deﬁne
LðJÞ ¼ frðEÞ : EAJg:
Then the correspondence J/LðJÞ gives an order preserving map
l8 :J½E-L½X :
For an invariant open subset UDGðX Þ0; deﬁne
LðUÞ ¼ fYDX : %YbXDUg:
Then the correspondence U/LðUÞ gives an order preserving map
l9 : O½GðXÞ-L½X :
It is also easy to show
Proposition 6.2. l7l8 ¼ id; l8l7 ¼ id; l9l10 ¼ id; l10l9 ¼ id:
The maps li (i ¼ 1; 2;y; 10) are illustrated in the following commuting diagram:
ðÞ
Main results of this paper are summarized as follows:
Theorem 6.3. For a coarse space ðX ;EÞ with uniformly locally finite coarse structure,
the following lattices are mutually isomorphic:
(1) I0½CuðX Þ—the ideals of the uniform algebra CuðX ;EÞ in which controlled
propagation operators are dense.
(2) O½GðX Þ—the invariant open subsets of the unit space of the groupoid GðXÞ:
(3) J½E—the ideals of the coarse structure E:
(4) L½X —the ideals in the coarse space X :
Theorem 6.4. Let eI be an ideal in the uniform Roe algebra CuðX ;EÞ: The following
statements are equivalent:
(1) CtrlðeIÞ is dense in eI :
(2) eI ¼ IðUÞ for some invariant open subset U :
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(3) eI ¼ IðJÞ for some ideal J in the coarse structure E:
(4) eI is the norm closure of fTACtrlðX ;EÞ : suppðTÞDY  Y ; YALg for some
ideal L in the coarse space X :
Remark 6.5. As suggested by the ghost projection in the uniform Roe algebra of the
metric space derived from a sequence of expander graphs [5], an operator
GACuðX ;EÞ is called a ghost element if G is locally invisible at inﬁnity in the sense
that GAC0ðX  X Þ; viewed as a function on X  X : An ideal I of CuðX ;EÞ is called
a ghost ideal if all elements in I are ghosts. It follows from Theorem 3.5 that an ideal
I of CuðX ;EÞ is a ghost ideal if and only if CtrlðIÞDKðc2ðX ÞÞ: Thus, if G is a
noncompact ghost element, then Ctrl/GS is not dense in /GS: On the other hand,
if ðX ; dÞ is a discrete metric space with Yu’s property (A), then it follows from
Theorem 3.5 together with an approximation argument (cf. [11,16]) that CtrlðIÞ is
dense in I for all ideals I of CuðXÞ; that is, all ideals are of the geometric forms stated
in Theorem 6.4. In general, recall that the map l1 is in fact deﬁned on I ½CuðXÞ; the
lattice of all ideals in the uniform Roe algebra CuðX ;EÞ; and obviously it is
surjective. Hence, via l1 the lattices in Theorem 6.3 give a classiﬁcation for the ideals
of the uniform Roe algebra, which further suggests the following
Conjecture. (1) Any operator TACuðX ;EÞ admits a decomposition T ¼ T0 þ G;
where T0AIðUð/TSÞÞ and G is a ghost element. (2) Any ideal eI in CuðX ;EÞ admits a
decomposition eI ¼ IðUðeIÞÞ þ GðeIÞ; where GðeIÞ is the ideal consisting of all ghosts in eI :
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